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[Fuglede-Putnam theorem [3, 12] (1950)]
(1) $S\in B(\mathcal{H})$ $SX=XS(X\in B(’\mathcal{H}))$ $S^{*}X=$
$XS^{*}$
(2) $S\in B(?t),$ $T^{*}\in B(\mathcal{K})$ $SX=XT(X\in B(\mathcal{K}, \mathcal{H}))$
$S^{*}X=XT^{*}$ $S$ [ran $X$ ] $S$ reducing
subspace, $(\mathrm{k}\mathrm{e}\mathrm{r}X)^{[perp]}$ $T$ reducing subspace $S|[\mathrm{r}\mathrm{a}\mathrm{n}X]$ $T|(\mathrm{k}\mathrm{e}\mathrm{r}X)[perp]$
(1) Furuta $[5](1979):S,$ $T^{*}$ subnormal ( $S$ has a normal extension)
(2) K. Takahashi [13] (1981): 3, $T^{*}$ hyponormal $(SS^{*}\leq S^{*}S)$
(3) Moore, Rogers and Trent [10](1981): $S,$ $T^{*}\mathrm{M}$-hyponormal
$(S-z)(S-z)^{*}\leq M^{2}(S-z)^{*}(S-z)$
(4) Yoshino [17](1985), Duggal $[1](1986):S$ dominant, $T^{*}M$-hyponormal
$(S-z)(S-z)^{*}\leq M_{z}^{2}(S-z)^{*}(S-z)$
(5) $\mathrm{S}.\mathrm{M}$ . Patel [11] (1996), Duggal [2] (1996) $S,$ $T^{*}p$-hyponormal
$(SS^{*})^{\mathrm{p}}\leq(S^{*}S)^{p}$
(6) IH. Jeon, K. Takahashi and A. Uchiyama [14](2002), $[9](2004)$ :
$S,$ $T^{*}p$-hyponormal or $\log$-hyponormal ( $S$ invertible and $\log SS^{*}\leq\log S^{*}S$)
class $A(s, t)$
[ ] $T=U|T|$ generalized Aluthge transform
$T(s,t)=|T|^{s}U|T|^{t}(0<s,t)$





$p$-hyponormat, $\log$-hyponormal class $\mathrm{A}(s, t)$
$(\forall 0<s, t)$ class $A(s, t)$ $0<s,$ $t$
class $A(1,1)$ class $A$
$|T^{2}|\geq|T|^{2}$
([4, 7, 8, 16])
class $A(s, t)$ $(s+t\leq 1)$ reducing kernel $(\mathrm{k}\mathrm{e}\mathrm{r}T\subset$
$\mathrm{k}\mathrm{e}\mathrm{r}T^{*})$ Fhglede-Putnam
[ $\text{ }$]
$S\in B(\mathcal{H}),$ $T^{*}\in B(\mathcal{K})$ class $A(s, t)$ $(s+t\leq 1)$ reducing kernel
$SX=XT(X\in B(\mathcal{K}, \mathcal{H}))$ $S^{*}X=XT^{*}$




$A,$ $B,$ $C\in B(?t)$ non-negative $0<p,$ $0<r\leq 1$
$(B^{\frac{r}{2}}A^{p}B^{\frac{\tau}{2}})^{\frac{f}{p+\mathrm{r}}}\geq B^{r},$ $B\geq C$
$(C^{\frac{r}{2}}A^{p}C^{\frac{\tau}{2}})^{\frac{r}{p+\mathrm{r}}}\geq C^{r}$
[ 2]
$T$ class $A(s, t)$ $(s+t\leq 1)$ $\mathcal{M}$ $T$
restriction $T|_{\lambda\triangleleft}$ class $A(s, t)$
Proof.
$T=(\begin{array}{ll}T_{1} S0 T_{2}\end{array})$ , on $=\mathrm{A}4\oplus \mathcal{M}^{[perp]}$
$P$ $\mathcal{M}$





$T$ is a class $A(s, t)$ operator
$\Leftrightarrow(!^{T^{*}|^{t}|T|^{2s}|T^{*}|^{t})^{\frac{b}{\epsilon+t}}}\geq|T^{*}|^{2\mathrm{f}}$
$\supset(|T_{0}^{*}|^{t}|T|^{2s}|T_{0}^{*}|^{t})^{\frac{t}{s+t}}\geq|T_{0}^{*}|^{2t}$ ( 1)
$\Rightarrow(|T_{0}^{*}|^{t}|T_{0}|^{2s}|T_{0}^{*}|^{t})^{\frac{t}{s+\mathrm{t}}}\geq|T_{0}^{*}|^{2t}$ (srnce $|T_{0}^{*}|^{t}=|T_{0}^{*}|^{t}P=P|T_{0}^{*}|^{l}$ )
$\Leftrightarrow T_{\mathcal{M}}$ is a class $A(s, t)$ operator .
[ 3] $T\in B(\mathcal{H})$ class $A$ $\mathcal{M}$ $T$
$T=(\begin{array}{ll}T_{1} S0 T_{2}\end{array})$ on $\mathcal{H}=\mathcal{M}\oplus \mathcal{M}^{[perp]}$
$T_{\mathit{1}}=T|_{M}$ quasinormal ran $S\subset \mathrm{k}\mathrm{e}\mathrm{r}T_{1}^{*}$
$\mathrm{k}\mathrm{e}\mathrm{r}T\subset \mathrm{k}\mathrm{e}\mathrm{r}T^{*}$ $T_{1}=T|.\kappa r$ $\mathcal{M}$ $T$ reduce
Proof. $P$
$(T_{1} 0 T_{1} 00)=PT^{*}TP\leq P|T^{2}|P$ (since $T$ is class A)
$\leq(\begin{array}{ll}(T_{1}^{*2}T_{1}^{2})^{\frac{1}{2}} 00 0\end{array})$ (by Hansen’s inequality)
$=(T_{1} 0 T_{1} 00)$ (since $T_{1}$ is quasinormal).











$S(\mathcal{M}^{[perp]})\subset \mathrm{k}\mathrm{e}\mathrm{r}T_{1}^{*}=\mathrm{k}\mathrm{e}\mathrm{r}T_{1}\subset \mathrm{k}\mathrm{e}\mathrm{r}T\subset \mathrm{k}\mathrm{e}\mathrm{r}T^{*}$
$x\in \mathrm{A}4^{[perp]}$
$0=T^{*}Sx=(\begin{array}{ll}T_{\mathrm{l}}^{*} 0S^{*} T_{2}^{*}\end{array})(\begin{array}{l}Sx0\end{array})=(\begin{array}{l}T_{1}^{*}SxS^{*}Sx\end{array})$
$S^{*}S=0$ $S=0$ $\mathcal{M}$ $T$ reduce
[ 4] $T|_{\mathrm{A}l}$ quasinormal $\mathcal{M}$ $T$ reduce
$T$ bilateral shift on $\ell^{2}(\mathbb{Z})$
$Te_{n}=e_{n+1}$
$\mathcal{M}=\bigvee_{0\leq n}\mathbb{C}e_{n}$ $T$ unitary $T|_{\mathrm{A}4}$ isometry
A4 $T$ reduce
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[ 5] $T\in B(\mathcal{H})$ class $A$ $\mathrm{k}\mathrm{e}\mathrm{r}T\subset \mathrm{k}\mathrm{e}\mathrm{r}T^{*}$
$T=T_{1}\oplus T_{2}$ , on $\mathcal{H}=\mathcal{H}_{1}\oplus \mathcal{H}_{2}$
$T_{1}$ $\mathrm{k}\mathrm{e}\mathrm{r}T_{2}=\{0\}$
$T_{2}$ pure class $A$ $T_{2}|_{\mathfrak{U}}$,
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[ 6] $T=U|T|\in B(\mathcal{H})$ class $A(s, t)$ $(s+t=1)$ $\mathrm{k}\mathrm{e}\mathrm{r}T\subset \mathrm{k}\mathrm{e}\mathrm{r}T^{*}$




$U=U_{11}\oplus U_{22},$ $T_{1}$ class $A(s, t)$ $\mathrm{k}\mathrm{e}\mathrm{r}T_{1}\subset \mathrm{k}\mathrm{e}\mathrm{r}T_{1}^{*}$
$N=U_{11}|N|$ $N$
Proof. [8]
$|T(s, t)|^{2r}\geq|T|^{2r}\geq|T(s, t)^{*}|^{2r}$ for $r\in(0,$ $\min\{s, t\}]$
$|N|^{2r}\oplus|T’|^{2r}\geq|T|^{2r}\geq|N|^{2r}\oplus|T’|^{2r}*$
$|T|=|N|\oplus L,$ $0\leq L$
$U=(\begin{array}{ll}U_{11} U_{\mathrm{l}2}U_{21} U_{22}\end{array})$ on $\mathcal{H}=\mathcal{M}\oplus \mathcal{M}^{[perp]}$
$T(s, t)=|T|^{s}U|T|^{t}$
$(\begin{array}{ll}N 00 T’\end{array})=(\begin{array}{ll}|N|^{s} 00 L^{s}\end{array})(\begin{array}{ll}U_{11} U_{12}U_{21} U_{22}\end{array})(\begin{array}{ll}|N|^{t} 00 L^{t}\end{array})$
$N=|N|^{s}U_{11}|N|^{t},$ $|N|^{s}U_{12}L^{t}=0,$ $L^{s}U_{21}|N|^{t}=0$
$\mathrm{k}\mathrm{e}\mathrm{r}T\subset \mathrm{k}\mathrm{e}\mathrm{r}T^{*}$
[ran $U$] $=[\mathrm{r}\mathrm{a}\mathrm{n} T]=(\mathrm{k}\mathrm{e}\mathrm{r}T^{*})^{[perp]}\subset(\mathrm{k}\mathrm{e}\mathrm{r}T)^{[perp]}=[\mathrm{r}\mathrm{a}\mathrm{n} |T|]$






ran $U_{11}\subset[\mathrm{r}\mathrm{a}\mathrm{n}|N|]$ , ran $U_{21}\subset[\mathrm{r}\mathrm{a}\mathrm{n}L]$
ran $U_{12}\subset[\mathrm{r}\mathrm{a}\mathrm{n}|N|]$ , ran $U_{22}\subset[\mathrm{r}\mathrm{a}\mathrm{n}L]$

















[8, Theorem 4] $s+t=1$ $S,$ $T^{*}$ 5
$S=S_{1}\oplus S_{2}$ on $\mathcal{H}=\mathcal{H}_{1}\oplus \mathcal{H}_{2}$
$T^{*}=T_{1}^{*}\oplus T_{2}^{*}$ on $\mathcal{K}=\mathcal{K}_{1}\oplus \mathcal{K}_{2}$
$S_{1}$ , Tl*l $S_{2_{7}}T_{2}^{*}$ injective, pure $X=(\begin{array}{ll}X_{11} X_{12}X_{21} X_{22}\end{array})$
$SX=XT$
$(\begin{array}{ll}S_{\mathrm{l}}X_{11} S_{1}X_{12}S_{2}X_{21} S_{2}X_{22}\end{array})=(\begin{array}{ll}X_{11}T_{\mathrm{l}} X_{\mathrm{l}2}T_{2}X_{21}T_{\mathrm{l}} X_{22}T_{2}\end{array})$
$S_{2}=U_{2}|S_{2}|,$ $T_{2}^{*}=V_{2}^{*}|T_{2}^{*}|$
$S_{2}(s,t)=|S_{2}|^{s}U_{2}|S_{2}|^{\mathrm{r}},T_{2}^{*}$ ( $s$ ,t)=|T 8v;|T2*|t, $W=|S_{2}|^{s}X_{22}|T_{2}^{*}|^{s}$
$S_{2}(s, t)W=|S_{2}|^{s}S_{2}X_{22}|T_{2}^{*}|^{s}$
$=|S_{2}|^{s}X_{22}T_{2}|T_{2}^{*}|^{s}=W(T_{2}^{*}(s, t))^{*}$
$S_{2},$ $T_{2}^{*}$ class $A(s, t)$ $S_{2}(s, t),$ $T_{2}^{*}(s, t)$ $\min\{s, t\}-$
hyponormal [2] [ran $W$] $S_{2}(s, t)$ reducing subspace,
$(\mathrm{k}\mathrm{e}\mathrm{r}W)^{[perp]}$ $T_{2}^{*}(s, t)$ reducing subspace $S_{2}(s, t)|[\mathrm{r}\mathrm{a}\mathrm{n}W]$ , $T_{2}^{*}(s, t)|_{(\mathrm{k}\mathrm{e}\mathrm{r}W)}[perp]$
$S_{2)}T_{2}^{*}$ pure 6 $W=0$
$S_{2},$ $T_{2}^{*}$ injective $X_{22}=0$ $S_{2}X_{21}=X_{21}T_{1}$
$S_{\mathrm{I}}X_{12}=X_{12}T_{2}$ $X_{21}T_{1}=0,$ $S_{1}X_{12}=0$ $SX=XT$
$(\begin{array}{ll}S_{1}X_{11} 0S_{2}X_{21} 0\end{array})=(\begin{array}{ll}X_{1\mathrm{l}}T_{1} X_{12}T_{2}0 0\end{array})$




[ran $X_{11}$ ] $S_{1}$ reducing subspace, $(\mathrm{k}\mathrm{e}\mathrm{r}X_{11})^{[perp]}$ $T_{1}$ reducing
subspace $S_{1}|_{[\mathrm{r}\mathrm{a}\mathrm{n}x_{11}]}$ $T_{1}|_{(\mathrm{k}\mathrm{e}\mathrm{r}X_{11})}[perp]$
$S|[\mathrm{r}\mathrm{a}\mathrm{n}x]\simeq S_{1}|[\mathrm{r}\mathrm{a}\mathrm{n}x_{11}],$ $T_{1}|_{(\mathrm{k}\mathrm{e}\mathrm{r}X_{11})}[perp]\simeq T|_{(\mathrm{k}\mathrm{e}\mathrm{r}X)}[perp]$ [ran $X$] $S$
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reducing subspace, $(\mathrm{k}\mathrm{e}\mathrm{r}X)^{[perp]}$ $T$ reducing subspace $S|[\mathrm{r}\mathrm{a}\mathrm{n}X]$ $T|_{(\mathrm{k}\mathrm{e}\mathrm{r}X)}[perp]$
[ 7][15, Example 13] class $A(1/2,1/2)$ A $\mathrm{k}\mathrm{e}\mathrm{r}A\not\subset A^{*}$
$S=T^{*}=A$ $X=P$ $\mathrm{k}\mathrm{e}\mathrm{r}S=\mathrm{k}\mathrm{e}\mathrm{r}A$
$SX=0=XT$ $S^{*}X\neq XT^{*}$ kernel condition
$(\mathrm{k}\mathrm{e}\mathrm{r}S\subset \mathrm{k}\mathrm{e}\mathrm{r}S^{*})$ Fuglede-Putnam
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